Uncertainty relations (URs) like the Heisenberg-Robertson or the time-energy UR are often considered to be hallmarks of quantum theory. Here, a simple derivation of these URs is presented based on a single classical inequality from estimation theory, a Cramér-Rao-like bound. The HeisenbergRobertson UR is then obtained by using the Born rule and the Schrödinger equation. This allows a clear separtion of the probabilistic nature of quantum mechanics from the Hilbert space structure and the dynamical law. It also simplifies the interpretation of the bound. In addition, the Heisenberg-Robertson UR is tightened for mixed states by replacing one variance by the so-called quantum Fisher information. Thermal states of well-known Hamiltonians are shown to saturate the tighter bound for natural choices of the operators. Last, this bound establishes links to inequalities for spin-squeezing and multi-particle entanglement and leads to an entire class of inequalities for entanglement detection.
Uncertainty relations (URs) like the Heisenberg-Robertson or the time-energy UR are often considered to be hallmarks of quantum theory. Here, a simple derivation of these URs is presented based on a single classical inequality from estimation theory, a Cramér-Rao-like bound. The HeisenbergRobertson UR is then obtained by using the Born rule and the Schrödinger equation. This allows a clear separtion of the probabilistic nature of quantum mechanics from the Hilbert space structure and the dynamical law. It also simplifies the interpretation of the bound. In addition, the Heisenberg-Robertson UR is tightened for mixed states by replacing one variance by the so-called quantum Fisher information. Thermal states of well-known Hamiltonians are shown to saturate the tighter bound for natural choices of the operators. Last, this bound establishes links to inequalities for spin-squeezing and multi-particle entanglement and leads to an entire class of inequalities for entanglement detection. Uncertainty relations (URs) are tightly connected to quantum mechanics and are often said to be corner stones of the theory. For a generic quantum state ρ, the product of variances with respect to two non-commuting self-adjoint operators A, B is not vanishing, indicating the impossibility of preparing quantum states with certain properties with respect to all possible observables. Mathematically, this can be expressed by the HeisenbergRobertson UR [1] ,
with the variance (∆A) ρ . In a related spirit, the time-energy UR (in the formulation of Madelstam and Tamm [2] ) connects the variance of the system Hamiltonian H with the time ∆t it takes to evolve a quantum state ρ to an orthogonal state via
One easily continues the list of URs by mentioning the quantum Cramér-Rao bound [3] and, more recently, inequalities like squeezing inequalities [4] and bounds on multiparticle entanglement [5] [6] [7] . In this paper, three main questions and issues concerning quantum URs are tackled.
First, a clear insight into the origin of inequalities like (1) is still missing. Which properties of quantum mechanics are needed in order to uniquely encounter Eq. (1)? Classical mechanics does not exhibit URs. However, every probabilistic theory should exhibit some kind of UR. What is the form of such a general UR? Here, a derivation of the Heisenberg-Robertson inequality is provided based on an uncertainty bound common to all probabilistic theories. This primitive bound is a variant of the so-called Cramér-Rao bound [8] , a classical bound in estimation theory. By introducing the Born rule and the Schrödinger equation as the dynamical law of quantum mechanics, one ends up with Eq. (1). Another advantage of this derivation is the clear interpretation of the UR as a bound on the sensitivity in parameter estimation. In particular, it does not express a "precision-disturbance" relation [9] as originally indented by Heisenberg [10] .
Second, there have been attempts to sharpen the Heisenberg-Robertson UR for mixed states (see, e.g., Refs. [11] ). Since the r.h.s. of Eq. (1) is convex in the quantum state, while the l.h.s. is concave, the inequality is in general less tight for mixed states. As an intermediate step of the presented derivation, a tighter UR is found by using the so-called quantum Fisher information (QFI). The QFI, which is a convex function, is used in quantum metrology to quantify how well different values of a (partially) unknown parameter can be distinguished [3, 12] . More recently, its role in multi-particle entanglement was acknowledged [5] [6] [7] . Here, it is shown that one variance in Eq. (1) can be replaced by a quarter of the QFI, that is,
Note that the variance is always greater than or equal to a quarter of the QFI, where equality holds for pure states. Interestingly, we find that thermal states of evenly gapped Hamiltonians and certain operators A, B that are linear in the corresponding ladder operators saturate bound (3). Last, a clear connection between different quantum URs is missing [see Ref. [2, 13] for the connection between Eq. (1) and (2)]. Here, it is demonstrated that the Heisenberg-Robertson, the time-energy UR and other inequalities for multi-particle entanglement and squeezing have a common root. Apart from deeper insights into the connections between these bounds, the tighter UR (3) leads to new applications, for example, entanglement bounds for different multi-particle state classes.
Heisenberg-Robertson UR from a classical bound.-
The following derivation of Eqs. (1) and (3) is adaptable to continuous probability distributions. For the sake of simplicity, we however focus on the discrete case. Consider a metric space of probability distributions
for d discrete events i. In addition, one assigns measurement outcomes a i to each i. The expectation value and the variance of this observable read A = i a i p i and (∆A) 2 = i (a i − A ) 2 p i , respectively. Suppose that one introduces a differentiable curve through the space of probability distributions; parametrized by a real variable θ from an open interval in Ê. Hence, points on this line depend on θ, p i = p i (θ), and we only consider points along this curve in the following. One defines the Fisher information as
Every point {p i (θ)} i carries a certain information about θ. The Fisher information is a way to quantify how distinguishable probability distributions with similar θ are. Consider (∆A) 2 and F (θ) as squared norms of vectors with entries
For an alternative proof of Eq. (6), see Ref. [8] .
The quantum formalism is now applied to inequality (6) . Instead of dealing with general transformations and measurements, we limit ourselves to unitary evolution and projective measurements. The following operators thus act on the Hilbert space
In quantum mechanics, one has a density operator ρ and a complete set of orthogonal projectors Π i associated to the events i such that the probabilities are calculated via the Born rule, that is, p i = TrρΠ i . Next, assume that the parametrization in the space of probability distributions is caused by a unitary transformation governed by the von Neumann equality
where B is a self-adjoint operator that generates the evolution. The operator ρ(θ) = exp(−iBθ)ρ 0 exp(iBθ)
solves Eq. (7). Then, with the assignment A = i a i Π i for the measurement operator, which is independent of θ, one has
As the last step, note that [12] F (θ) ≤ F := max
where the maximization is over all possible measurement settings {Π i } i while keeping the initial state ρ 0 and the dynamics (7) fixed. (It is sufficient to restrict to von Neumann measurements [12] .) The last inequality in Eq. (9) is a strict equality for pure states. The maximal Fisher information F is the QFI, which is a convex function in ρ. For unitary transformations and given the spectral decomposition
Since |ψ i (θ) = exp(−iBθ) |ψ i (0) , Eq. (10) is independent of θ and the QFI is denoted by F ≡ F ρ (B). Equations (6) and (8) and the first inequality in (9) together lead directly to Eq. (3) and, using the second inequality in Eq. (9), to the Heisenberg-Robertson UR (1).
Interpretation of the Heisenberg-Robertson UR.-For Robertson, the primary motivation to prove Eq. (1) was to find a mathematical formulation of Heisenberg's microscope argument [1, 10] : Assume that the position of an electron with a well-determined momentum is measured by a light microscope. The precision of this measurement depends on the wave length of the photons that scatter with the electron. A large energy of the photons results in a large momentum kick of the electron. Hence, the smaller the uncertainty δx of the position estimation, the larger is the uncertainty δp of the momentum of the electron afterwards. Then, Heisenberg heuristically showed that δx δp ≈ h.
It is repeatedly argued that the variance of an operator is a poor figure of merit to quantify the disturbance of an observable and that Eq. 
Second, the right choice of the measurement basis {Π i } i leads to equality in the first part of Eq. (9). Hence, one can always find an operator A = i a i Π i such that Eq. (3) is tight. However, the optimization of A includes the diagonalization of the socalled symmetric logarithmic derivative [12] and does in general not lead to clear expressions.
We now present a class of thermal states that saturates the tighter bound (3) for operators linear in the corresponding ladder operators. 
The proof is a straightforward calculation and is presented in the appendix.
Remarks. First, this statement holds even in the limit M → ∞. Second, with (ρ, A, B) from observation 1, one can show that the triple (ρ ⊗n ,
⊗n−i and id the identity operator on a single system. ⊗n , can be seen as a spincoherent state that is polarized in x direction and that was subject to local phase noise [14] . This state is a "classical" resource in frequency estimation [15] . Since bound (3) is tight for the choices A = J y and B = J z , one directly calculates the QFI to be F ρ (J z ) = (2g − 1) 2 n, which corresponds to the so-called standard quantum limit for partially dephased spin-coherent states.
(3) The thermal state of J z , ρ, with the choices A = J x and B = J y leads to (∆A) 
Connection to other quantum URs and applications.-
The primitive inequality (6) and its specialized quantum version (3) do not only lead to the Heisenberg-Robertson UR. They also give rise to several quantum URs. In particular, the connection between the QFI and multipartite entanglement leads to an entire class of witnesses for socalled k-particle entangled states.
The connection of the Heisenberg-Robertson UR and the time-energy UR was already implicitly shown in Ref. [2] . Note that, by starting with the tighter bound (3), one arrives at a tighter time-energy UR, where the variance of the Hamiltonian is replaced by its QFI [16] .
Let us now focus on multi-particle entanglement in systems of n qubits. There, an important classification of entangled states is the concept of k-particle entanglement [17] . Suppose that a pure state |ψ k can be written as a product state between groups, where each group contains at most k qubits. Within the groups, arbitrarily entangled states are allowed. A general k-particle entangled state ρ k is defined as a convex mixture of such |ψ k , potentially with different groupings for each |ψ k . Next, consider local operators where each addend has a fixed operator norm of 1 2 . One can show [6, 7] that with these restrictions, one has F ρ k (B) ≤ k 2 q + (n − kq) 2 where q = ⌊n/k⌋. Together with Eq. (3), one has a simple way to bound k from below.
For instance, take A = J y and B = J x , which implies [J x , J y ] = iJ z [18] . Then, one finds k
y . This bound detects k-particle entanglement of spin-squeezed states [19] polarized in z direction and squeezed in y direction (see also [4, 5] ). For the illustrative case q = n/k, one therefore finds
By choosing now A = J z and keeping B fixed, one finds the same lower bound on J x 2 / ∆J 2 y . The sum of these two expressions divided by n reads ( J x 2 + J z 2 )/(n ∆J 2 y ), which is the inverse of the spinsqueezing parameter introduced in [4] . Equation (11) detects only states that are spinsqueezed. The framework based on inequality (3) is however more general. As long as B is a local operator, any choice of A results in a witness on the k-particle entanglement. Take, as an example, Dicke states [20] that are defined as eigenstates of J z and that are symmetrized with respect to particle permutations. In particular, consider the state |ψ with n/2 excitations, which is a highly entangled state. The maximal QFI (which equals here four times the variance) of n(n/2 + 1) is achieved by J x and J y . Since |ψ has large variances in two orthogonal directions, it is advantageous to combine bounds based on different local operators [6, 7] . It turns out that A x = {J y , J z } and A y = {J x , J z } are optimal choices for B = J x and B = J y , respectively. The corresponding commutators read
, respectively. Based on [6, 7] , one finds for q = n/k that
This inequality is valid for any k-particle entangled state. For Dicke states with n/2 excitations, it is optimal as, for k = n, one finds equality for both bounds. In addition, the experimental realization is feasible whenever one is able to measure arbitrary collective observables (i.e., linear combinations of J x , J y and J z ). The expectation value of C x is a sum of squared local operators, while A x can be written as
(J y ±J z ). The square of A x can also be written as a polynomial in local operators. After some algebra using the commutator relations, one finds that Similar considerations hold for A y and C y . In total, one has to measure seven different local observables to calculate the bound on the r.h.s. of Eq. (12) .
Summary and outlook.-In this paper, quantum URs have been derived based on a simple inequality from estimation theory. Starting with the inequality (6), one goes via Eq. (3) to the Heisenberg-Robertson UR (1). With special choices for the operators in Eq. (1), one ends up with the time-energy UR (2). Equation (3), which is a tighter version of the Heisenberg-Robertson UR, is the basis for other well-known and useful inequalities. In particular, if operator B in Eq. (3) is restricted to local operators in many-qubit systems, one can use Eq. (3) as a simple and efficient bound on multi-particle entanglement. All together, these connections contribute to a broader picture of the structure of quantum mechanics in terms of URs.
The presented derivation provides a clear view on the structure of the Heisenberg-Robertson UR by separating the probabilistic nature of quantum mechanics from the dynamical law and the Hilbert space formalism. Thus, it may help on developing an axiomatic approach of quantum mechanics based on physical principles. In addition, the classical primitive (7) can be used to investigate alternative probabilistic theories. For example, one can keep the Born rule (and the Hilbert space structure) and alter the dynamical law. In this context, the study of so-called collapse models [21] could be of interest. Collapse models are variations of quantum mechanics. The Schrödinger equation is modified to enforce the collapse of spread wave functions of massive objects to localized packages without physical measurement. The altered dynamical law may give rise to a different HeisenbergRobertson bound. This could lead to different predictions and therefore additional experimental possibilities to falsify one theory or the other.
Inequalities always raise the question whether one can replace them by a tighter version. The HeisenbergRobertson UR can be improved to the so-called Schrödinger UR [22] by proving the possibility of extra terms on the r.h.s. of Eq. (1). If one tries to achieve a similar goal on the level of Eq. (6), it seems to be important to study the impact of the measurement outcomes {a i } i , since these numbers decide how tight the CauchySchwarz inequality is.
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where the second to last equality is only due to a reindexing the first part of the sum. Now, one notices that, up to a constant, Eqs. (15) and (16) 
The r.h.s. Eq. (17) 
